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ABSTRACT
We introduce a new mass estimator that relies on internal proper motion measure-
ments of dispersion-supported stellar systems, one that is distinct and complementary
to existing estimators for line-of-sight velocities. Starting with the spherical Jeans
equation, we show that there exists a radius, r−2, where the mass enclosed depends
only on the projected tangential velocity dispersion, independent of the velocity dis-
persion anisotropy: M(r−2) = 2G−1〈σ2T〉r−2. The radius r−2 is where the the log-slope
of the stellar tracer profile is −2 and is well approximated as r−2 ≃ 4Re/5, where Re
is the 2D half-light radius of the galaxy. Importantly, this radius is smaller than the
characteristic radius for line-of-sight velocities derived by Wolf et al. (2010). Together,
the two estimators provide a simple and accurate way to constrain the mass/density
profile slopes of a dispersion-supported galaxies. We demonstrate this using published
transverse and line-of-sight velocity dispersion measurements of dwarf galaxies Draco
and Sculptor. Both are consistent with inhabiting cuspy NFW halos with median cir-
cular velocities of Vmax ≃ 40 and 19 km s−1, respectively. Current proper motion errors
are large enough that dark matter cores . 400 pc are not ruled out, but future data
sets should enable tighter constraints.
Key words: galaxies: dwarf – galaxies: kinematics and dynamics – dark matter
1 INTRODUCTION
The ΛCDM cosmogony, while successful in describing the
large scale structure of our universe, still suffers from poten-
tial discrepancies in modeling the properties on small scales,
primarily for dark matter halos that are expected to host the
observed dwarf galaxies. For example, Milky-Way satellites
have significantly lower dark matter densities in the inner
regions compared to the corresponding subhalos in cosmo-
logical N-body simulations — this is known as the Too Big
To Fail problem (Boylan-Kolchin et al. 2011). A potentially
related issue concerns the inner dark matter density pro-
files inferred from the rotation curves of small disk galaxies,
many of which are observed to be cored/flat, while simulated
ΛCDM halos are cusped/rising — this is the Cusp-core prob-
lem (Flores & Primack 1994; Moore 1994; de Blok 2010).
Feedback from star formation can potentially explain this
discrepancy in larger dwarf galaxies (Governato et al. 2010;
Pontzen & Governato 2012). However, if dark matter cores
exist within galaxies that have had too little star formation
(M⋆ . 10
6 M⊙) to affect the dark matter density slopes
⋆ aalazar@uci.edu
† bullock@uci.edu
(Di Cintio et al. 2014; Chan et al. 2015; Tollet et al. 2016),
then this could be an indication that the dark matter is
something other than CDM (see Bullock & Boylan-Kolchin
2017, and references there in).
Though particularly important, the question of whether
or not the smallest galaxies have cusps or cores is notoriously
difficult to answer owing to the fact that they are dispersion
supported. While it is possible to quantify the detailed mass
profiles of spheroidal galaxies through the use of kinematic
measurements of individual stars in 3D (e.g. Wilkinson et al.
2002; Strigari et al. 2007), until recently we have been lim-
ited to data sets that include only 1D velocities along the
line-of-sight. This introduces a degeneracy between the in-
ferred mass profile slope and the underlying velocity disper-
sion anisotropy parameter β, which quantifies the intrinsic
difference between the radial and tangential velocity disper-
sions.
One robust measurement that is possible with line-of-
sight velocities is the integrated mass within a single char-
acteristic radius for each galaxy. This idea was first em-
phasized by Walker et al. (2009), who used spherical Jeans
modelling to show that the integrated mass within an ef-
fective radius was independent of assumed β for a wide va-
riety of assumptions for many galaxies. Wolf et al. (2010)
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extended this idea, also using Jeans modeling, to show that
there exists, analytically, an idealized radius within which
the mass inferred from line-of-sight velocities is formally
insensitive to β. Under mild assumptions, this radius is
where the log-slope of the stellar tracer profile is equal to
−3. Both the Walker and Wolf mass estimators do remark-
ably well when compared to ab initio cosmological simu-
lations of (non-spherical) dwarf galaxiesn (Campbell et al.
2017; Gonza´lez-Samaniego et al. 2017). They are also used
extensively to interpret observed line-of-sight velocitiy dis-
persion measurements (see Simon 2019, and references there
in).
We are entering a new era of astrometry, such that the
internal proper motions in distant dwarf spheroidal galax-
ies are now becoming possible to measure with the advent
of GAIA (Gaia Collaboration et al. 2016b,a, 2018a,b). Ad-
ditionally, LSST may provide similar advances (Abell et al.
2009). Measurements of stellar velocities along the plane-of-
the-sky promise an important new window into the mass
and density structure of dwarf galaxies. The results of
Massari et al. (2018) and Massari et al. (2019) provide an
exciting first look at what we expect to measure in the com-
ing years by providing plane-of-the-sky velocity dispersion
measurements for Sculptor and Draco, respectively.
In §2, we follow similar arguments to those in Wolf et al.
(2010) to derive a mass estimator that applies to the pro-
jected tangential velocity dispersion in the plane-of-the-sky.
This estimator applies at a different radius (r−2) than the
Wolf radius (r−3). In §3, we combine our results with the
original Wolf et al. (2010) estimator for line-of-sight veloc-
ity dispersion to constrain the mass profiles of Sculptor and
Draco and show that current measurements are consistent
with cuspy NFW profiles for both systems. In what follows,
〈· · · 〉 indicates a measurement to be the luminosity-weighted,
lower case r is define to be the (physical) 3D radius, and an
upper case R represents the (physical) 2D projected radius.
Furthermore, r1/2 is the 3D half-light radius and Re is the
2D projected half-light radius.
2 MASS ESTIMATORS VIA JEANS
MODELING
In this section, we start with the spherical Jeans equation
and review the analytical methodology used in Wolf et al.
(2010) to derive their mass estimator for the velocity dis-
persion along the line-of-sight, 〈σ2
los
〉. We apply the same
methodology for measurements made in the plane-of-the-
sky: 〈σ2R〉 and 〈σ2T〉. Here, the underscore R indicates veloc-
ities in direction parallel to radius R in the plane-of-the-sky
and T represents the direction tangential to R.
2.1 The Spherical Jeans Equation
For a spherically symmetric steady-state system, the first
moment of the collisionless Boltzmann equation for a stel-
lar phase-space distribution takes the form of the spherical
Jeans equation
− dΦ
dr
=
1
n⋆
d
dr
(
n⋆σ
2
r
)
+
2βσ2r
r
, (1)
which relates the total gravitational potential, Φ(r), of a
spherically symmetric, dispersion-supported system to its
two tracers: the radial velocity dispersion, σr (r), and the 3D
stellar number density, n⋆(r). The quantity β(r) := 1 − (σ2θ +
σ2
φ
)/2σ2r is a measure of the velocity dispersion anisotropy,
in which σ2
θ,φ
are the velocity variances in spherical coor-
dinates tangential to the radius r. Larger values of β imply
that the velocity dispersion is larger in the radial direction
than in the tangential direction. The total mass profile of
the dynamical system is an implied quantity of (1)
M(r |β) = rσ
2
r (r)
G
[γ⋆ + γσ − 2β(r)] , (2)
where the logarithmic slopes are γ⋆ := −d log n⋆/d log r and
γσ := −d logσ2r /d log r.
2.2 Measurements Along the Line-of-Sight
With these fundamentals, we follow Wolf et al. (2010) by
considering a velocity dispersion-supported stellar system
that is well studied, such that Σ⋆(R) and σlos(R) are deter-
mined accurately by observations. If we model the systems
mass profile using the Jeans equation, any viable solution
will keep the quantity Σ⋆σ
2
los
(R) fixed to within allowable
errors. To utilize the Jeans equation, we must relate σlos to
σr
Σ⋆σ
2
los(R) =
∫ ∞
R2
dr2√
r2 − R2
[
1 − R
2
r2
β(r)
]
n⋆σ
2
r (r) . (3)
This is then massaged to an invertable form
Σ⋆σ
2
los
(R) =
∫ ∞
R2
dr2√
r2 − R2
[
n⋆σ
2
r (1 − β) +
∫ ∞
r2
dr˜
2 βn⋆σ
2
r
2r˜2
]
.
(4)
In doing so, the left hand side is an observable quantity
and independent of β. Therefore, the term in the brackets
has to be a well-defined quantity regardless of the β chosen.
With this, we are allowed to equate the isotropic integrand,
where β = 0, with an integrand that is dependent on some
arbitrary anisotropy β, be that if it is constant or varying. By
then taking a radial logarithmic derivative and introducing
a factor of rσ2r /G on both sides, we can rewrite the resulting
equation in the form of (2)
M(r |β) − M(r |β = 0) = rσ
2
r (r)β(r)
G
(
γ⋆ + γσ + γβ − 3
)
, (5)
where γβ := −d log β/d log r. From (5), we see that there must
exists a radius, req, where the term in the parentheses van-
ishes. At this radius the enclosed mass M(req) is minimally
affected by the form of β(r): γ⋆(req) = 3−γσ(req)−γβ(req). As
stated in Wolf et al. (2010), γβ is expected to be relatively
small for r < req in realistic cases of observed galaxies. In ad-
dition, it is observed in spheroidal systems that σ2
los
(R) does
not vary much in comparison to Σ⋆(R). This implies that to
a good approximation, γ⋆(req) ≃ 3 and req ≃ r−3, which is
the radius at which the log derivative of the stellar tracer
profile is equal to −3.
In order to determine the value of M(req), we de-project
(4) via an Abel inversion to isolate out n⋆σ
2
r (This will be
Equation A5 in Wolf et al. 2010). At r = req, we assume
that (i) the slopes of σ2r and β vary minimally: γβ(req) ≃
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Figure 1. Cumulative mass profiles for Draco and Sculptor implied by their median tangential velocity dispersions
listed in Table 1. The lines correspond to several choices of fixed velocity dispersion anisotropy β. The small circle indicates the mass
predicted by (13) at r−2 = 4Re/5 (exact form is boxed). Though not shown, the median Wolf et al. (2010) mass estimators at r−3 ≃ 4Re/3
sit close to the extrapolated β = 0.0 lines in each panel; this is consistent with the fact that σT ≃ σlos for both galaxies in Table 1.
γσ(req) ≃ 0, (ii) req ≃ r−3 such that the slope of the stellar
tracer profile is γ⋆(req) ≃ −3, (iii) the observed σ2los(R) does
not vary much relative to Σ⋆(R). Combing these assumptions
at req, we then insert a reduced form of the isolated n⋆σ
2
r
value into (2), that eliminates the dependence on β, to then
acquire enclosed mass found inside r−3
M(r−3) =
3σ2
los
(r−3)r−3
G
. (6)
We are using the approximation σ2
los
(r−3) ≈ 〈σ2los〉 based on
arguments presented in Wolf et al. (2010) that rely on the
assumption that σlos(R) varies weakly with R. The implied
circular velocity at r−3 is particularly simple
Vcirc(r−3) =
√
3〈σ2
los
〉 . (7)
Note that r−3 ≃ r1/2 ≃ 4Re/3 for a wide range of stellar pro-
files (Wolf et al. 2010) and this makes the above equations
easy to apply in practice.
2.3 Measurements Along the Projected Radius
We repeat the steps used in the preceding section to the mea-
sured velocity dispersions along the plane-of-the-sky parallel
to R, σR . We start by relating σR to σr
Σ⋆σ
2
R (R) =
∫ ∞
R2
dr2√
r2 − R2
[
1 − β(r) + R
2
r2
β(r)
]
n⋆σ
2
r (r) , (8)
which can then be re-written in an invertable form.1 Fol-
lowing the same arguments discussed previously for (4), we
1 The result will exactly be that of (4) with n⋆σ
2
r (1−β) −→ n⋆σ2r .
equate the isotropic and anisotropic integrands to one an-
other, differentiate, and algebraically massage to acquire
M(r |β) − M(r |β = 0) = rσ
2
r (r)β(r)
G
. (9)
Importantly, this equation lacks the parenthetical term we
found in (5). We conclude that a radius that minimizes the
anisotropy, req, does not exist in whatever limiting case of
β we were to impose, since the anisotropy is a dependent
quantity throughout the mass profile. As we now show, the
same is not true for the projected tangential direction.
2.4 Measurements Along the Projected
Tangential
We repeat the steps used with the line-of-sight modeling and
apply it to the measured velocity dispersions in the projected
tangential, σT , in the plane-of-the-sky. We begin by relating
σT to σr
Σ⋆σ
2
T(R) =
∫ ∞
R2
dr2√
r2 − R2
[1 − β(r)] n⋆σ2r (r) , (10)
which is already in an invertable form. We now equate its
isotropic and anisotropic form to one another, differentiate,
and algebraically manipulate to acquire
M(r |β) − M(r |β = 0) = rσ
2
r (r)β(r)
G
(
γ⋆ + γσ + γβ − 2
)
. (11)
Just as in the case of line-of-sight measurements, we see that
for suitable stellar tracer profiles there must exist a radius,
req where the term in parentheses is zero, thus minimizing
the dependency of β. As discussed previously, if the profiles
of β(r) and σr (r) are slowly varying, then at req, γ⋆(req) ≃ 2.
This indicates that req ≃ r−2, where r−2 is the radius at which
γ⋆ = 2.
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Galaxy
√
〈σ2
los
〉
√
〈σ2T 〉 Re r1/2
[km s−1] [km s−1] [pc] [pc]
Draco (a,b)10.1+0.5−0.5
(d)9.9+2.3−3.1
(a,d)196+12−12
(a)221+16−16
Sculptor (a,b)9.0+0.2−0.2
(c)8.5+3.2−3.2
(b)282+41−41
(b)375+54−54
Table 1. Observational measurements used in this letter. Ref –
(a): Walker et al. (2009) (b): Wolf et al. (2010), (c): Massari et al.
(2018), (d): Massari et al. (2019).
Consider then the integrated mass, given by (2). The
dependence of β can be absorbed into the definition of σ2tot =
(3−2β)σ2r . But since spherical symmetry is already imposed(
i.e. σ2
θ
= σ2
φ
), we can use the fact that σ2tot−σ2r = 2(1−β)σ2r =
2σ2T .
2 Combining everything, we have
GM(r)
r
= 2σ2T(r) + σ2r (r)(γ⋆ − γσ − 2) . (12)
At the radius req ≃ r−2 we can utilize our previous assump-
tions to argue γ⋆ + γσ ≃ γ⋆ ≃ 2 to find that
M(r−2) =
2〈σ2T〉r−2
G
. (13)
Here, we assumed σ2T(r−2) ≃ 〈σ2T〉. The implied circular ve-
locity at r−2 is particularly succinct
Vcirc(r−2) =
√
2〈σ2T〉 . (14)
3 RESULTS
In this section we apply our mass estimator to the dwarf
spheroidal galaxies Draco and Sculptor, both of which have
published tangential velocity dispersion measurements. Ta-
ble 1 lists the observed properties that we adopt. We assume
that each galaxy obeys a Plummer profile (Plummer 1911)
for their (2D) 3D stellar (surface) densities.
Figure 1 provides explicit examples of the accuracy of
(13) applied to Draco (left) and Sculptor (right). For demon-
stration purposes, we set σ2T precisely to the best-fit value
and further assume that it is constant as a function of pro-
jected radius R (which is consistent with the available data).
We then have used (A2) to actualize the implied mass pro-
files for several fixed values of β. We see that the mass pro-
files intersect at r−2, regardless of the chosen β. Using the
Plummer profile, we find that r−2 ≃ 4Re/5 ≃ 3r1/2/5. The
vertical-dotted lines in each panel mark the radius 4Re/5.
The white dots mark the enclosed mass from (13) using
r−2 ≃ 4Re/5. Therefore, to a well-established approximation,
the following expression is accurate
M(r−2) ≃
6〈σ2T〉r1/2
5G
≃
8〈σ2T〉Re
5G
. (15)
3.1 The Internal Structure of Draco and Sculptor
Figure 2 plots the implied mass of Draco (squares) and
Sculptor (circles) using both (6) and (13). The masses from
2 Note that σ2tot = σ
2
los
+ σ2R + σ
2
T .
10−1 100
r [kpc]
106
107
108
M
(r
)
[M
⊙
]
Draco
Sculptor
Figure 2. Mass measurements for Draco and Sculptor at
two characteristic radii along with NFW profiles. For each
galaxy, points correspond to the line-of-sight mass (6, smaller er-
rors) and the projected tangential mass (13). Lines show represen-
tative NFWmass profiles of fixed Mvir with median concentration
set by subhalos in the Phat-ELVIS simulations.
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Figure 3. Observed circular velocities of Draco and Sculp-
tor at two characteristic radii. Circular velocity curves for
NFW subhalos of a given Vmax are shown. Each assumes a me-
dian rmax as derived from the Phat-ELVIS simulations.
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line-of-sight measurements are the right-most points with
the small error bars while the masses from the projected tan-
gential velocity dispersion are the left-most with larger error
bars. Also plotted are the NFW (Navarro et al. 1997) mass
profiles at fixed halo mass, Mvir = 3 × 1010 and 2 × 109 M⊙ .
Concentrations are set to 15.9 and 22.2, respectively, based
on the median values for subhalos of this mass in the z = 0
dark matter only physics results of the Phat-ELVIS simula-
tions (Kelley et al. 2019). The subhalo masses plotted were
chosen so that at median value of the concentration for the
profiles intersect the line-of-sight mass points. In principle,
by comparing the location of the tangentially-derived masses
to the extrapolated NFW curves allows us to determine if the
predictions are consistent with a cuspy profile. Both galaxies
are consistent with sitting within typical CDM halos. Note
that our result for Draco is in agreement with results by
Read et al. (2018), who find Draco to be cusped around the
same radial range.
Figure 3 provides an alternative view by plotting ob-
served circular velocities using (7) and (14). The rotation
curves for NFW profiles at fixed values of Vmax = 19 and
40 km s−1 are also plotted, with median values of rmax = 1.67
and 6.15 kpc, respectively, for the same subhalos of Phat-
ELVIS. As seen previously in Figure 2, both measurements
are consistent with the expectations for an NFW. Sculptor’s
median does fall below the extrapolated NFW, though it is
easily consistent within error. If Sculptor has a cored inner-
density it could have interesting implications. With a stellar
mass of M⋆ ≃ 4× 106 M⊙ , this galaxy lies near the low-mass
edge of where feedback may be able to produce significant
cores (Bullock & Boylan-Kolchin 2017). This motivates the
acquisition of additional data to provide a more precise mea-
sure of 〈σ2T〉.
4 SUMMARY
Using the spherical Jeans equation, we have derived a mass
estimator (13) that depends on stellar kinematics measured
along the plane-of-the-sky, specifically the projected tangen-
tial. The formula provides the cumulative mass within a
characteristic radius, r−2, that is independent of the stel-
lar velocity dispersion anisotropy β, where r−2 is where the
log-slope of the tracer profile is −2: r−2 ≃ 4Re/5 ≃ 3r1/2/5.
We also showed that a β-independent estimator does not
exists for the projected parallel along the plane-of-the-sky.
As an example of the applicability of our estimator, we have
combined it with the Wolf et al. (2010) estimator at r−3 for
line-of-sight velocities to explore the mass profiles of Draco
and Sculptor. Both galaxies are consistent with inhabiting
cuspy NFW subhalos with Vmax ≃ 40 and 19 km s−1, respec-
tively, though current uncertainties in the tangential veloc-
ity dispersions allow for a variety of inner profile slopes. In
the coming era of precision-based measurements of stellar
proper motions, we expect the internal structure of dwarf
galaxies to be revealed with more clarity.
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APPENDIX A: A MASS PROFILE
DEPENDENT ON THE PROJECTED
TANGENTIAL DISPERSION
Consider the relation of σT , given by (10). Since this is al-
ready in a form that is invertable, we de-project via an Abel
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inversion in order to isolate out n⋆σ
2
r
n⋆σ
2
r (r) =
1
π(β − 1)
∫ ∞
r2
dR2√
R2 − r2
d
dR2
(
Σ⋆σ
2
T
)
. (A1)
Assuming β to be constant, it is straightforward to then
differentiate both sides by d/d log r and massage it to the
form that, along with (A1), can be inserted into (2)
M(r |β) = R˜(r |β)
Gπ(1 − β)
r
n⋆(r) , (A2)
where
R˜(r |β) = d
d log r
[∫ ∞
r2
dR2√
R2 − r2
d
dR2
(
Σ⋆σ
2
T
)]
(A3)
+ 2β
∫ ∞
r2
dR2√
R2 − r2
d
dR2
(
Σ⋆σ
2
T
)
.
In this form, we have eliminated the dependency of an un-
known σr (r) and have the mass profile be dependent only
on the form of the observables: n⋆(r) and Σ⋆σ2T(R).
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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